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THE COEFFICIENTS OF PRIMITIVE
POLYNOMIALS OVER FINITE FIELDS

WEN BAO HAN

ABSTRACT. For n > 7, we prove that there always exists a primitive poly-
nomial of degree n over a finite field Fy (¢ odd) with the first and second
coefficients prescribed in advance.

1. INTRODUCTION

Let F, be a finite field with g elements, ¢ = p',1 a positive integer and p a
prime number. A monic polynomial f(z) € Fy[z] of degree n is called a primitive
polynomial if the least positive integer e such that f(z)|z® —1is ¢ — 1. It is well
known that f(z) is irreducible over Fy[z]. If £ is a root of f(z) in Fyn, then £ is
a primitive element of Fy», namely the generator of the multiplicative group Fj.
of Fyn. Davenport and Carlitz have studied the properties of primitive elements.
Recently, because of the applications of finite fields in cryptography, coding theory,
designing Costas arrays etc., various properties of primitive elements have been
investigated again. Let T(z) =z + 27+ ---+ 29" be the trace from Fgn to Fy.
We have the following result.

Theorem A. Letn > 1 be an integer, a € Fy. Then there always exists a primitive
element & € Fyn such that T'(§) = a if (a,n) # (0,3) for ¢ =4 and (a,n) # (0,2)
for q arbitrary.

The theorem above was proved by Davenport [3] for ¢ = 2 as a consequence
of his existence theorem of normal bases, by Moreno [9] for n = 2, Sun and Han
(11] for ¢ = p, Jungnickel and Vanstone [6], Cohen [1] for general cases. In fact,
Theorem A is equivalent to the following result.

Theorem B. Let a € F; and n > 1 be an integer. Then there always ezists a
primitive polynomial f(z) = z™ + a1z + - -+ + a,, over F, such that ay = a if
(a,m) # (0,3) for g =4 and (a,n) # (0,2) for q arbitrary.

Later we always assume that the polynomial we consider is monic. Let g(z) =
™ +biz™ 1t + - + by, € Fy[z]. We call b; the ith coefficient of f(z). Theorem B
gives the distribution of the first coefficient of primitive polynomials. It is natu-
ral to consider the other coeflicients of primitive polynomials. In [5], Hansen and
Mullen conjectured that with the three nontrivial exceptions (g, n,i,a) = (4,3,1,0),
(4,3,2,0), (2,4,2,1), there is a primitive polynomial of degree n with the ith coef-
ficient prescribed (0 < ¢ < n). Further, in an excellent survey paper on primitive
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elements, Cohen [2] asked whether there is some function ¢(n) so that there is one
with [¢(n)] (the integer part of ¢(n)) coefficients prescribed. In this paper, we prove
that if n > 7 and ¢ is odd, there exists a primitive polynomial of degree n with the
first and second coefficients prescribed; consequently Hansen and Mullen’s conjec-
ture holds for ¢ = 2 and n > 7. By our method, it seems plausible that we can take
c¢(n) to be the least integer < 7 although it is not easy to prove. The case of small
characteristic is more difficult; see [11] for a discussion of the case p = 2.

2. LEMMAS AND ESTIMATES

First of all, we give a lemma from which the second coefficient of an irreducible
polynomial can be represented by the traces of a root and the square of a root.
Then Hansen and Mullen’s conjecture reduces to the existence of primitive element
solutions of some equation associated with the trace from Fy» to F.

Lemma 1. Let f(z) = 2" + a1z 1 + -+ + a, be an irreducible polynomial over
Fy, € be a root of f(z) in Fyn,q odd. Then az = 1(T(£)? — T(£2)), where T(x) is
the trace from Fgn to Fy.

Proof. Since f(z) is irreducible, £,£9,. .., fqn_l are all roots of f(x) in Fygn. There-
fore,

f@)=(@-¢&—¢€) - (z—€&")

and

az = Z gr'ed

0<i<j<n

— % Z gq’fq’
0<i,j<n
i#j

= JTE 4 4T
= 3T(ET(E) - &%)
= 3(T(&)? - T(&).

By Lemma 1, the existence of primitive element solutions of the equation T'(z)? —
T(x2) = c for ¢ € F, yields the conjecture of Hansen and Mullen in the case of the
second coefficient. But we prefer to consider the following system of equations to
obtain a strong conclusion:

T(x) = a,
(2.1) , {ng) —b,

where a,b € F,. If (2.1) has a primitive element solution & in Fyn, let f(x) be the
minimal polynomial of £ over F,. Then the first and second coefficients of f(x) are
a and %(az —b). Furthermore, f(x) is a primitive polynomial of degree n. Hence,
there exists a primitive polynomial with the first coefficient a and second coefficient
%(a2 —b). So we need to discuss the existence of the primitive element solutions of
(2.1). For this reason, we review a few basic facts about the characters over finite
fields. O
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Lemma 2. Let § € Fj.; then

d —9"=L_ if ¢ is a primitive element of Fyn,
> N( )wa(@ _ {«p(q D

dlgn—1 (P(d) x(d) 0 Othemise,

where p(d) is a Mobius function, o(d) is Buler’s function and x'9 runs through all
dth order multiplicative characters of Fgn.

Let Tr be the absolute trace from Fj; to F,. Then the mapping ¢ : z —
e?mT@)/P (z € F,) is an additive character of Fy, called the canonical additive
character. We define ¥q(z) = ¢¥(az),a (fixed), z € F,. Then the 9,’s (a € F,) are
all additive characters of F;;. We also observe that ¥, (z) = ¢(aT(z)) is an additive
character of Fyn.

Lemma 3. Let £ € F,. Then
_Ja ifE=0,
a;qwa(s) {0 FE20

We still need an estimate on twisted exponential sums. Thanks to Weil, we have
the following result.

Lemma 4 ([9]). Let x be a dth order multiplicative character and A an additive
character of Fy. Let g(z),h(z) € Fylz],m = degg(z), r = degh(z). If (m,d) =
(r,q) =1, then

> x(g@)A(h(=))

z€F,

<(m+r—-1)q.

Let Ny n(a,b) denote the number of the primitive element solutions of (2.1) in
Fypn and Q = f’q—__Tl. Now we can prove our main result.

Theorem 1. (i) There holds

Ngn(0,0) > fz(qz—__l)—{q" —q—(¢—g(veq" +1)

?(qn —-1)
— (2¢9 —1)(g — 1)(2¢ + 1)Va" };
(ii) if a # 0, then
n_q
Non(@,0) 2 S g~ g - )

+ (20— DV - 2D (4g - 3)V"
- (@D = 2@y (20 - 1) Vg1
(iii) if b # 0, then
Non(ah) > S0 — s+ v+ DT +1)

7*(q" -1
— (2@ =1)(2(Va+1)g+6g - 26+ VT
— (29" =D _ 9@(@)(4g 4+ 1 - 6) [qn+1Y,
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where w(m) is the number of the distinct prime factors of m and

5= 0 ifa#0,
)1 ifa=0.

Proof. By Lemmas 2, 3, we have

Nynla,b) = qq = 5 Y T val©-a) ¥ v - b

561‘ n C1EF, c2€F,
) %Zx““(é)
(2.2) =1 @
p(g" — 1) 3 u(d)
¢*(q" —1) L= old)

X Z Z Z Y(T(c1€ + c26?) — cra — c2b)x D (€).

XD er.ca€Fg EEF,

Here, x(?9) runs through all dth order multiplicative characters of Fyn. Let Sac,.co
denote the term

D YT (1€ + €)= cra — e2b)x D (6).

€EF;,
Now we discuss separately the inner terms of (2.2):

(1) S100=9q" -1
(2) If d =1,¢1 # 0, then

A=Y Sico= Y, Y. U(T(c) —cra)

c1F; c1€F; €EF),
> (—aa) | D w(T(ei6)) -1
c1€F; EE€Fyn
_J1-gq ifa=0,
1 if a #0.
(3) Ifd=1,c2 # 0, and « is a fixed nonquadratic residue in Fy, then
D= Y Sioe= D, Y. ¥(T(c2€?) — cab)

©2€F; C2€F; EEF],

(Z Zw (c3€) — c3b) Z Zw Cga€2)—c§ab))

co€EF* {EI' CQEI‘ {EI'

=2 ( > w(=db) > w(TE)

c2€F; EEF,

+ Y w(-dat) 3 wu’(aé))).

c2€F; EEFT,
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From Gauss, we know that
T\ (Va+ DA +1) ifb#O.
(4) Ifd=1,c1 #0,c2 #0, then

|A3| = Z Sl,cl,cz

c1,c2€Fy

Z Z Y(T(c1€ + c26?) — cra — c2b)

c1, CzEF* EEFqn

Z Z Z Y(T(€ + c€?) — c1a — cc2b),  where cc? = ¢y,

cEFy c1€F; £EFy,

=Y Y w(-ca—ccid) Zw (€ + ).

cEFq* cleF;

It is obvious that

Z Y(—cra — cclb) =

c1 EF;

If b# 0,c # 0, then

(g—1) ifa=b=0
1 ifa#0,6=0

Z Y(—cra — ccb)

C1€F*

<Vi+l,

> p(E+e)

§€F

<Vqg*+1.

Hence, we have

(@—12(V/q"+1) ifa=b=0,
|As| << (g — 1) (Vg™ +1) ifa+0,b=0,
(¢—D(/a+ (Vg +1) ifb#0.

(5) If d > 1, and « is a fixed nonquadratic residue in Fg, then

Z M Z Z Sd,c1,c5

1<d|q™— 1 X(d) c1,c2€F,
u (d)
E o) E Sa,0,0 + E 54,0,¢2
1<d|q™— 1 x4 c2€Fy

+ Z Sd,01,0+ Z Sd,c1,C2)

cleF; c1702€Fq*
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- > Z) > (Sd,mo *3 ( > X V(e )w(=c3b)Saon

1<d|qn— 1 ¥ x(@ c2€F;

+ > x<d><c51>w<—c%ab>sd,o,a)

CQEF;

+ Z XD (er)p(—c1a)Sa,1,0
C1€F;

+ Z Z x(d)(cl_l) cla—cc1 )Sdlc) .

CEF; C1€F;

Since Sg4,00 = 0 and the induced character of X over F, is trivial if and only if
d|@, we have

d
Ag= Y %Z( (Z Y(—c3b)Sa0.1

1<d|Q x (@ c2E€F*

+ Y zp(—cgab)sd,o,a)

CzGF;

+ Z W(—c1a)Sa1,0 + Z Z w(—cla—cc%b)Sd,l,c)

c1€F; c2€Fy c1€Fy)

~

_p> %Z ('% ( Y XD )p(=c3b)Sa0n

1<d|g"—1 x(@ c2€F;
4Q

+ Y x<d><c51>w<—c3ab>sd,o,a>

CzEF;
+ Z XD (e (=c1a)Sa1,0

C1€Fq*
+ Z Z XD (erHw(—cra — ce3b)Saae | -
ceF* cleF*
Now by Lemma 4 we obtain
(2¢@ —1)(g — 1)(2¢ + 1)\/q" ifa=b=0
w(Q) — _ 7
(2 1)(4q - 3)va™ ifa0, b=0,

Ag] S8 +(24007 D = 24(@) (2 — 1) /"
(2@ - D)Q(VG+Da+60 =B+ DVE" o

+(2¢0¢" D — 29(@))(4g + 1 — §)4/¢" 1
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We observe that

plg" - 1)
A’\fq_n(a,b) > m{q" -1+ A — A — |As] = |AL}.
Using the estimate above, we prove the theorem. O

Now we give a simple proposition to show when Ngn(a,b) > 0. It is useful in
the next section.

Proposition 1. (i) If g2 ~2 > 2@ then N, ,(0,0) > 0.
3

(i) Let (a,b) # (0,0). If g2 =2 > (£)2¢(4" =1 then Ny n(a,b) > 0.
Proof. This is an easy consequence of Theorem 1. O
Proposition 2. (i) Let n > 5. Then Ng,(0,0) > 0 for ¢" large enough.

(ii) Let n >4, (a,b) # (0,0). Then Nyn(a,b) >0 for q" large enough.
Proof. This is an easy consequence of Proposition 1. O

We see that Hansen and Mullen’s conjecture for ¢ = 2 holds if n > 4 and ¢ is
large enough. In the next section, we will prove that Ng n(a,b) > 0 forn > 7.

3. COMPUTATIONS

First of all, we write ug = (3 — 2)7!,u; = (3 — £)~!. Then the conditions in

Proposition 1 can be translated into the following:
Condition (A). ¢" > 2uw(@),
Condition (B). ¢ > (4)n2uele™-1),

It is obvious that Conditions (A) and (B) hold when ¢" is large enough. Now
we give lower bounds for n > 7.

Proposition 3. (i) If ¢" > A,, then Condition (A) holds.
(ii) If ¢™ > By, then Condition (B) holds.
Here, A,, B, are given in Table 3.1.

TABLE 3.1
n (73] An Bn
14 7
7 - _ 214 242
3 2
8 4 1_6 249 239
5
18 .
9 — 3 1 | 2%
5
10 20
>S10|l < = | <=2 234 2.55
-3 |7
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Proof. The proof is computational. For example, take n = 7; we have ug = 13‘3, Uy =
%. We observe that the possible prime factors of %_——11 are 7 or the prime numbers
of type (14k + 1). Let wg = w(ﬁg_;ll). We get

¢ -1
i > 7 x 29 x 43 x T1 x 26:82(wo—4)
q—

> 2u0w0+(6.82—u0)w0 —8.04

If wy > 4, we get 9;{% > 2uowo gnd ¢7 > %__Tl. If wo < 3 and ¢” > 24, then
Condition (A) holds. So we can take A7 = 24,
On the other hand,

7-1= (L) -

g —1
>2x3x5x7x 11 x2ule-h=5) (_T)
q._

7
S 9l117 o (q —11> w gui(w(g=1)=5)
q p—

Hence, if

7 _ U1
(31) q 11 Z (};) % 251141 % 2—11.17 x 211410.)0,
q—

Condition (B) holds. But

7 _
qq 11 > 7 x 29 x 43 x T1 x 113 x 127 x 197 x 27-72(wo=7)

> 27.72w0—13.37

If wy > 7, we have that (3.1) holds. If wy < 6 and
U1l
@ > (};) x 25U 5 91117 o gbus

namely ¢ < 61, then again (3.1) holds. So we can take By = 224,

For n = 8,9, using the fact that the possible prime factors of g*+1 resp. ¢® +¢3+1
are 2 resp. 3 or a prime number of type (8k + 1), resp. (18k + 1), we can give a
similar discussion and obtain the lower bounds indicated in Table 3.1.

For n > 10, we have ug < % and u; < 279. Ifw(%__l—l) > 11, then

n o _
qq_ll22x3><5><7><11><13x17><19><23><29><31

x 25(w(@)=11) - Quow(Q)

If w(Q) < 10 and ¢™ > 2'09/3 Condition (A) holds. So we can take 4, = 234
for n > 10. Similarly, we can take B,, = 23 for n > 10. O

Theorem 2. Ifn > 7, Ny ,(a,b) >0 for any a,b € F,.
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TABLE 3.2

37 p’ (3<p<6l)
314. 321; 514.714.

8 | p® B<p<67);3% | p®(3<p<29); 3,

324; 516; 716; 324; 516;

9 no 3% 59, 79,
3% (10 < k < 21); 3% (10 < k < 22);
>10 | 5% (10 <k < 14); 5% (10 < k < 15);

7R (10 <k <12); | 7F (10 < k < 12); 1110

Proof. 1f ¢" > A, resp. By, then Ny »(a,b) > 0 by Proposition 3. If g™ < A, resp.
B, then ¢"™ must appear in Table 3.2.

Factoring ¢™ — 1 for ¢" listed in Table 3.2, we find that Condition (A) holds for
n > 7 and Condition (B) holds for (n,q) # (7,7), (7,3), (8,5), (8,3), (9,3). But for
(n,q) = (8,5), (8,3), (9,3), we can prove N, ,(a,b) > 0 by direct use of Theorem 1
rather than Condition (A) or (B).

Following the suggestions of a referee, we use the Cohen Sieve [2] for (a,b) #
(0,0), (n,q) = (7,3),(7,7). Let e|g™ — 1; define

T'(e) = {£ € Fyn | £ is a solution of (2.1)
and § is not any kind of eth power in Fyn,
thatis,ﬁzpd,pan,d|eonlyifd=1}.
It is obvious that |T'(g — 1)| = Ny ,(a,b). We have
T(e1) NT(e2) = T([e1,e2)),
T(e1) UT (e2) = T((e1,e2)).

Here, e1|q™ — 1,e2|¢™ — 1, [e1,e2] and (e1, e2) denote separately the least common
multiple and the greatest common factor of e; and e,.
If [e1,e2] = g — 1, then

Ngn(a,b) =T (g —1)|
= [T(e) + T (e2) — IT((ex, €2))I-
To estimate T'(e), we need the following fact.

Lemma 2* ([2]). Let { € Fy; then

(3.2)

Z M ZX(d) € = {ﬁ if € is 7'wt any kind of eth power,
dle ( )x<d) 0 otherwise,
where X? runs through all dth order multiplicative characters of Fyn.
Suppose (a,b) # (0,0), we consider the case (n,q) = (7,7). Let e; = 174, e =
9466; then [e1,es] = ¢ — 1, (e1, e2) = 2. Using Lemma 2* instead of Lemma 2 in
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the proof of Theorem 1, we obtain
|T(174)| > 3367,
|T'(9466)| > 6895,
IT'(2)] < 9079.

By (3.2), we obtain Ng,(a,b) > 0. For (n,q) = (7,3), we take e; = 2,e; =
1093. A similar computation gives Ny n(a,b) > 0. Hence we finish the proof of
Theorem 2. O

By Lemma 1 and Theorem 2, we can easily give the following corollaries.

Corollary 1. Suppose n > 7. Then there exists a primitive polynomial in Fylz] of
degree n with the first and second coefficients prescribed in advance.

Corollary 2. Suppose n > 7. There are at least q primitive polynomials in Fy[x]
of degree n with the first or second coefficient prescribed in advance.

Corollary 2 shows that Hansen and Mullen’s conjecture holds for i =2 if n > 7.

In the cases n = 4,5,6, the lower bounds A,’s in Proposition 3 are too large
since ¢" — 1 may have more small prime factors. To give a complete list of the
exceptions for which our conclusion in Theorem 2 does not hold, we suggest the
Cohen Sieve [2] as a means of attack. The analysis of these cases is contemplated
in future work.
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